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ABSTRACT 

Let G be a finitely-generated group of non-singular measurable transforma- 
tions of a measure space (X, fl, P). Fix A E P with p(A) > 0. A general technique 
for groups gives sufficient conditions for there to exist a G-invariant measure v 
equivalent to p with v(A) = 1. These conditions are phrased in terms of the 
growth behavior of g--+ p(gB) for B ~//. The question of necessity is handled in 
some special cases. 

Let (X, fl, p) be a a-f ini te  posi t ive  measure  space. An invertible measurable 

transformation T of  X is a one- to-one  onto  map  T :  X -o X such that  both  T and  

T -  ~ are f l -measurable .  T is non-sin#ular i f  p(TE) = 0 exactly when p(E) = 0 for  

E E ft. I f  T is non-s ingular  then so is T - ' .  

Afinitely-additive measure u on (X, fl) is a set funct ion  u : fl ~ [0, oo] such tha t  

u(A u B) = u(A) + u(B) if  A and B are d i s jo in t  measurable  sets. G iven  two 

f ini te ly-addi t ive measures  u and v on (X, fl), we say u is equivalent to v when 

u(E) = 0 i f  and  only  i f  v(E) = 0 for E e ft. The term measure will  be reserved for  a 

coun tab ly-add i t ive  u:  fl ~ [0, oo]. 

I f  u is a f ini te ly-addi t ive measure  on (X, fl) and  T is an invert ible  measurab le  

t r ans fo rmat ion  o f  X,  we say u is T-invariant when u(TE) = u(E) for a l l  Eefl .  

If  G is a g roup  o f  inver t ible  measurable  t r ans fo rmat ions  o f  X under  compos i t ion ,  

u is G- invar iant  when u is T- invar iant  for a l l  T e  G. 

I f  B e fl, 1 a denotes  the characteristic function of  B. I f  F is a finite subset  o f  a 

set X and f is a rea l -valued funct ion o f  X then ( I v , f )  denotes  ] ~  ~ if(x). F o r  any 

l inear  funct ional  q~ on a l inear  space E o f  rea l -valued funct ions on X, we wri te  

(q~,f> for the value ~b(f) when f e  E. 
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Cardinality of a set F will be denoted by IIf 11 For sets A and B, A \  B is the 

difference set and A A B is (A\ B) U (B\ A). 

. 

Let G be a group and let .2 ~ be the linear space under pointwise addition of real 

valued functions on G. For H e ~ and 9 ~ G, RgH ~ ~ is defined by RgH(x) 

= H(xg). For a positive H e ~ with H # 0, we define B n to be the subspace of *L ~a 

consisting of all functions K such that there exists 9t, " " , # , e  G and r > 0 with 

[K I =< r~i"=lRg~H. B n is then invariant under the action of G on .oqr in that 

RgK E Brt for any g ~ G and K ~ B n. 

A linear functional ~b on Bn is positive when (q~, K )  > 0 for all K ~ Bn with 

K > 0. We say ~b is G-invariant if (~b, RgK) = (qb, K)  for a l l #  e G and K e Bn. 

For a finite set F c G we write l r  for the positive linear functional given by 

(IF, K)  = ~,x~FK(X) for K ~  ~e. 

We assume that G is finitely-generated by a finite set F. We write F ~for the set 

of all products f t  . . .f~ where fi is in F, F -a, or {e} for all i = 1, . . . ,N. 

TrJ~EOgrra 1.1. Let H E.~e be a positive non-zero function. Assume 

lim (1Fro, H )  tIN = 1. 
N 

Then there is a positive G-invariant linear functional (9 on Bn such that 

<~, H> = 1. Also, there is a subnet (Nr} of the sequence {1, 2, 3, ...} such that 

for all K ~ Bn, 

lira ( lr ,~,K)/( lr ,~. . ,H) = (#p,K). 

PROOF. For each finite set Fo c G, there is M > 1 with Fo c F u. Hence, if  

F t = F M then F~ = Fo and lim~ (le~, H )  1IN = 1. Let a~= (le~",  H) .  By choosing 

M larger to begin with we may assume a~ > 0 for all n > 1. 1 < liminf,..oo 

a,§ x/a~ < lim inf~-.oo a~ t / "=  1. So there is a sequence of integers nk such that 

lim ( l ~ k + 2 , n ) / ( l r ~ k ,  H )  = 1. 
k ~ o o  

It follows that for any f e  Fo, 

(lr~k+t ar~k+t1, H)/ (le~k+l,H) <= 2 ( l r ~ + z  \r~,H)/  ( l~k,H> ~ O. 

Define an index set ~r = ((Fo, M, e)} where Fo is a finite subset of G, M > 1, and 

e > 0  for all members of .~r We order this set by (F~, M' ,  e') >(Fo, M, e) i f  and only 
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t ifFo "-, Fo, M' > M, and e' =< e. zr is thus a directed set. We choose N = N(Fo, M, ~) 

such that N > M and for a l l f~Fo 

<IFN aFNI, H> / <lvN, H ) < e. 

This gives us a net {N~ [ .  z ar of integers N~ > 1 such that for all gr G, 

lim < 1r~r. aVrC,a, H> / ( lv~ ,  H) 
Gt 

Also, for all N > 1 eventually N~ > N. Thus, {N,} is 

For simplicity write F~ for F n'. We know for all g 

= 0 .  

a subnet of {1, 2, 3,...}. 

E G, 

1 (Iv"  Rail) (lvAv'a'H) 
<Iv,H) I = ] (lv'-lr''H)<lv.,H) 1 <  = <lv.,H > 

So lim~ <Iv., R f l )  / ( I v ,  H)  = 1, for all # z G.For any K~ B,  there are gt , '" ,  g, z G 

and r > 0 with I KI --< r r , ~ l  Rg,H. Therefore, ] ( lv_,K)/<lv  , Z )  I < 2rn even- 

tually. That is, the net of linear functionals ff~ = l v / ( l v ,  H)  is pointwise eventually 

bounded on B,. This implies that some subnet ~br converges pointwise on Btt to a 

linear functional ~b. It follows immediately that ~ > 0 and (q~, H)  = 1. 

To see that q~ is G-invariant let g z G and K r B n. Suppose ] K [ < r Z,"=l Ra,H. 

Then 
I K> - R K>] 

( l v . , K ) - ( l v . R o K )  [ 
= lim ] < l v , H )  

Y 

= lim 
Y 

[ (1Vr, K> - < lvvg, K> 
<le~,H> I 

-< lim <IF, F g, IK[> 
- -  v ~ ' I F ~ ' H >  

=< r ~  lim <lr~AvYg'RaH> 
i=1 ~ ( lv  ,H> 

= r ~ lim (lP~~ 
i = 1  r <IE.., H )  

Since lr..g,Ar~gg,< 1F~g~alZ.. +IF,.AF,.og,, this last term converges to zero. Hence 

(q~, K ) =  (q~, RgK) for all g ~ G and K ~ Bn. The linear functional q~ and the net 

{Nr} satisfy our claim. �9 

LPMMA 1.2. Let (X, fl, p) be a a-finite measure space. Assume we have a 

finitely-additive measure u which is equivalent to p. Let v be defined for E e fl by 
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Then v is a countably-additive measure and v is equivalent to p. I f  u is G- 

invariant for  a group G of measurable transformations of (X, fl) then v is 

G-invariant also. 

PROOF. (See Calder6n [1].) 

REMARK. Calderdn [1] is in the context where u is finite but his proof  works 

equally well for any finitely-additive measure. Also, if we only know that ~ B )  = 0 

implies u(B) = 0 for all B e fl, then p(B) = 0 implies v(B) = 0 for all B ~ ft. 

THEOREM 1.3. Let (X, fl, p) be a ~-finite measure space. Let G be a group 

generated by a finite set F and suppose G acts as a group of nonsingular measurable 

transformations of (X, fl, p). Assume we have a finitely-additive measure ~ on 

(X, fl) with the following properties: 

(i) 0(B) = 0 g p ( B )  = 0; 

(ii) ~(gA) # O for some g r  

(iii) N-.oolim [g~rN O(gA)] '/N = 1; 

(iv) if  p(B) > 0 then 

lira inf ~ d/(gB) ] ~, d/(gA) > O. 
N'-*~ o ~ F  lr I Oel:lr 

Then there is a G-invariant measure v equivalent to p with v(A) = 1. 

Pp, ooF. Let H(9) = $(gA) for all g r G. It satisfies the conditions of(1.1), hence 

there is a G-invariant positive linear functional ~b on BR with <$, H> = 1 and there 

is a subnet {Ny} of {1, 2, 3, ...} such that (1Fs ,  K> / ( l r , , ,  H> ~ <~b, K )  for all 

K e B n .  

For  B ~ fl define Pa(#) = $(#B) for all # r G. Define a finitely-additive measure 

u on (X, fl) by 

<$, PB> if PB E B/t 
u(B) 

oo otherwise. 

Thus u is G-invariant since ~b is G-invariant. If  p(B) = 0 then p(gB) - 0 for all 

g e G. So p(B) = 0 implies $(gB) = 0 for all g e G and PB = 0. Hence p(B) = 0 

implies u(B) = 0. If  p (B)>  0 then either u(B) = oo or u(B) = <dp, Pn) and 
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Pa~ Bu. In the second case, since (iv) holds and (Nr} gets arbitrarily large 

eventually, u(B) > O. 
Use Lemma 1.2 to obtain a G-invariant measure v equivalent to p from the 

finitely-additive measure u. Since 0 < v(A) <= u(A) = 1, a constant multiple of v 

is the desired measure. �9 

COROLLARY 1.4. Let G be a group of non-singular measurable transformations 
of a a-finite measure space (X, fl, p). Let G be generated by a finite set F. Let 
A eft with p(A)> O. Assume 

lim [g~Fp(gA) ] l/N = 1. 
N--~ aO 

Assume also that when p(B) > 0 

inf Z p(gB)/ Z p(gA)>O. 
N ~ I  g ~ F  N I o G F  N 

Then there exists a G-invariant measure v equivalent to p with v(A) = 1. 

PROOF. Let ~b(B)= p(B) for Befl. Then • satisfies the four conditions of  

Theorem 1.3. �9 

REMARK. An interesting case in which Corollary 1.4 applies is when p(X) = 1 
and G is a nilpotent group or at least contains a nilpotent subgroup of finite index. 

Then II pN Ill'M-" 1 as N ~ oo; see Wolf 14]. It follows 

lim [ ~r p(gA)]t/N= 1. 
N ~ o o  g 

So there is a G-invariant measure o equivalent to p with v(A) = 1 if  for all 

p(B) > 0 

inf Y~ p(gB) / Y. p(gA) > O. 
N ~ I  o e F  N l o a f e r  

The following corollary also comes from Theorem 1.3. 

COROLLARY 1.5. Let G be a finitely-generated nilpotent group of non-singular 
measurable transformations of a a-finite measure space (X, fl, p). Assume there 
is a positive measurable function f on X with 

0 <  supg~ f g j d p <  oo. 

Assume when p(B) > 0 then 

lim inf Y~ f g f d p /  ~ f g f d p > O .  
N .-, oo g ~ F ~v g rt 
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Then there exists a G-invariant measure v equivalent to p with v(A) = 1. 

PROOF. Let ~(B) = S, f dp in Theorem 1.3. �9 

REMARK. Clearly if  p is equivalent to a a-finite G-invariant measure v with 

v(A) = 1 then the function dv/dp satisfies Corollary 1.5. Corollary 1.4 is more 

interesting than 1.5 because it does not depend on finding the functionf.  Horowitz 

13] has a result similar to Corollary 1.4 for an ergodic, conservative Markov 

operator. 

If  the supN ~o~r,~ p(gA)< o% then the hypotheses of Corollary 1.4 are all 

satisfied. This is the dissipative case. 

. 

It is an open question whether a converse of Corollary 1.4 holds. One should 

perhaps also assume in this context that (.Ja~agA = X and 

lim [ ~r p(gA)]l/N= 1. 
N ~ Q 0  g N 

Then the question is, assuming there is a G-invariant measure v equivalent to p 

with v(A) = 1, does it follow that for all B with p(B) > 0 

inf ~, p(gB) / ~, p(gA) > 0 ? 
N > I  oEF N t o e F N  

We say a subset B e fl is A-bounded when In _ ~ =  1 la,a a.e. [p] for some 

g~,...,g, eG. Since [Jo~6gA = X, any B with p(B)> 0 there is an A-bounded 

Bo c B with p(Bo) > 0. So the converse need only be verified for A-bounded sets. 

There is at least one case in which the above condition does hold. We say G is 

ergodic if all G-invariant sets Befl satisfy p(B) = 0 or p(X\B) = 0. I f  G is 

ergodic and p(B) > 0 then (Java gB = X a.e.  [p]. 

PROPOSITION 2.1. Assume (X, fl, p) is a measure space with A~fl such that, 

lim [ 0 ~  p(gA)]t/n=l.  
N"* ~ E F N 

Assume G is ergodic and for all A-bounded B e fl 

p(gB) / ~ p(gA)exists. lim Z 
N-~oo g~FN I gEF N 

Then if p(B) > O, 
1 

inf Z p(gB) l Z p(gA) > O. 
N~=I gaFN t g ~ F ~  
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PROOF. Let u(B) be the 

lim ~Np(gB ) / 3 p(gA) 
N--* oo g g N 

for A-bounded sets B ~ ft. Let u(B) = oo otherwise. Since 

lim [ 3  p(gA) ] l/N= 1, 
N - * o o  g N 

there is a sequence {Ni} such that for all h ~ G, 

lim ( ~ p(gA)/ Y~ p(gA)) = O. 
f.'*oo g~FNIhAFN~ g e F N l  

Using {Ni}, as in Theorem 1.1, shows u is G-invariant. Let v be induced by u as 

in Lemma 1.2. Then v is a G-invariant measure and p(B) = 0 implies u(B) = 0 
and hence, v(B) = 0. But we also know by the Vitali-Hahn-Saks theorem that 

u = v when restricted to any A-bounded set because there u is a measure. If  

p(B) > O, G ergodic implies Ug~agB = X a. e. [p]. Since v(A) = 1 and v is G- 

invariant, v(B) > 0. Hence, for any A-bounded B with p(B) > 0 we have u(B) > 0 
and thus, / 

inf ~ p(gB)/ ~ p(gA) > O. �9 
N ~ I  g g e F  u 

REMARK. It is not clear that the limit u(B) need exist for all A-bounded B when 

there exists a G-invariant measure v equivalent to p with v(A) = 1. This is also not 

clear in the case we replace the index N by Ni chosen as in the proof  of (2.1). In 

the following we will see that such limiting behavior is the case when v(X) < oo 
and p(X) < oo. 

We consider now a finitely-generated group G and a fixed sequence of finite 

sets F n c G such that for all g ~ G 

IIgF~AFNII 
~0. 

IIFNII 
We also assume FTv* = FN for all N. Such a sequence (FN} exists if and only if G 

is amenable. (See I2] for the construction of  such sequences.) We call {F~r a 

Folner sequence. 

We assume we have a probability space (X, fl, p) on which G acts as a group of 

non-singular measurable transformations. The measure gp is defined by gp(E) 
= p(#E) for all E e ft. For  any g ~ G, gp is equivalent to p and there is a positive 

measurable function w a such that gp(E) = S~wg(x)dp(x) for all E ~ ft. 

Let L,(p) be the absolutely-integrable functions of  X with l l f l l l  = S Ifldp . 
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Let L~o(p) be the a.e. bounded functions with rlfl[~ = inf{K: K _> lfl a.e. [p]}. 

Define Lgf(x) = f(gx) and zgf = Lgfw~ for all feLx(p) and 9 e G. Then 11 ~;Ill 
= Ilfl[1 for all feLl(p).  Let ~N be the linear operator defined by q~Mf 

--(1/11 FN[I)Z,,NV. Then II ~NTII~---IIYll~ for all f ~  Lx(p). The question we 

are concerned with here is the II" Ill-convergence of ~Nf for f e  LI(p). 

THEOREM 2.2. The followin# statements are equivalent: 

(i) For all f~  Li(p) there is f*E Ll(p) such that q~Nf ~ f* in the I1 II, norm. 

(ii) There is foeLl(p) such that x/(ll F~ II) Z,o~. w,-,So in the I[" lit norm. 

PROOF. Since ~bN1 = 1/(11 FNI[)Z,o,~w,, (i) implies (ii). Assume (ii). Let 

$1 = {zgf -  f : f e  LI(p) and # 6 G} and $2 = ( f e  Lo~(p): L, f  = f for all g e G). 

Let S O = Span $1 u $2. For f e  Lt(p) 

= 1 ~(~h~of_~hf)]] 1 II ~ ( V -  f)Ill II F~ I1 ~o,. 

z II~sll, 

II s 111- II rN II 
So ~bNS converges to zero in the norm 11 II, for S e S 1. For S ~ $2, SNS = 

s z,o,. ~, / l lF~l l=s~l ,  so I 1 r  sso II,_-__ II sll~ll r I1~ whereTo is as 
in (ii). Hence, dpNS ~ Sfo in the I1 II, norm for all S ~ Sz. We have for all S e So, 

there exists S* ~ LI(p)such that ~bNS ~ S* in the I1" II, norm, Since the operators 

~bN are uniformly bounded, if we show So is II [[~-dense in LI(p) then we are 

finished. But if so is not I1" I11-dense there exists H e Lo~(p) such that H ~ 0 and 

0 = SSH dp for all SeSo. But then for all feLl(p),  

0 =  f (T j - - f )Hdp  = f f ( L , - , H - H ) d p .  

This implies LgH = H for all g �9 G. Hence, H e $2 and 0 = SH2dp. So H = 0, 

a contradiction. �9 

REMARK. If  p is invariant, each wg = 1 and (ii) is trivially satisfied. Thus (i) 

holds if p is invariant. This result is in Greenleaf 12]. 

The following corollary will further clarify the condition of Theorem 2.2. 

COROIJ.~tY 2.3. Let (X,~,p) and G be as above. Consider the following 

properties of (X, B, P) and G: 
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(i) There exists a finite G-invariant measure equivalent to p. 

(ii) For all f e  LI(p), ~Nf converges in L1(p ). 

(iii) For all B ~ fl, (1/Jl F N I[) ~g~r,, p(gB) converoes. 
(i) implies (ii) and (ii) implies (iii) always. I f  G is ergodic then (iii) implies (i). 

PROOF. Assume v is a finite G-invariant measure equivalent to p. Let foe Ll(v) 

with fo >-- 0 such that p(E) = ISE fodv for all E E ft. By Theorem 2.2 applied to 

(X, fl, v) and G, there exists f ' eL l ( v )  such that 

1 Lg fo - f ;  dv-,O. 

Then f~] fo ~ LI(p) and for all g s G, L jo  = W ffo. Therefore 

1 

=fJ  1 ~, L f fo - fo*  dp 
g~FN 

Hence, by Theorem 2.2, we have (i) implies (ii). If  (ii) holds, then in particular 

there is f l  ~ LI(P)such that 4~N 1 -*./'1 in the I1. I1, norm, Sin~ 

=< [IIF  ,o, z w.-f, ],-,0, 
limN-,~ j'a(1/[] FN ][)Zg~r,,wg)dp exists. This is (iii). If  (iii) holds then v(B) 

= limN_,~ (I / [[ FN J] ) Z,~ r~ p(gB) defines a probability measure by the Vitali- 

Hahn-Saks theorem. Because of  the conditions on the sequence (FN} v is G- 

invariant. If  p(B) = O, then each p(gB) = 0 and v(B) = 0. Now if G is ergodic 

then p(B) > 0 implies U , ~ g B  = X. a.e. [p] So v(B) > 0 as well. Thus v is a 

measure as in (i). �9 

REr,IAR~:. If  (iii) holds then for any ~ > 0 there is a G-invariant B e fl with 

p(X/B) < e and a finite measure v supported on B such that v is equivalent to p on 

B and v is G-invariant. Using this, one can show (iii) implies (i) always. 

If  case (i) holds, we actually have when p(B) > 0 then infg~  p(gB) > 0. Hence, 
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the ratio condition of Corollary 1.4 holds and the condition that limN ]1F~ []I/M = 1 

is the same as the condition that limN [~g~,~p(gA)] I/N= 1. Also, if we choose 

{Ni} as in Proposition 2.1 then {F m} is a Folner sequence and Corollary 2.3 

(iii) holds. This should be compared with the remark after Proposition 2.1. 
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