EQUIVALENT INVARIANT MEASURES

BY

JOSEPH MAX ROSENBLATT

ABSTRACT

Let G be a finitely-generated group of non-singular measurable transforma-
tions of a measure space (x, 8, »). Fix 4 €  with p(4) > 0. A general technique
for groups gives sufficient conditions for there to exist a G-invariant measure v
equivalent to p with v(4) = 1. These conditions are phrased in terms of the
growth behavior of g~ p(gB) for B € B. The question of necessity is handled in
some special cases.

Let (X,B,p) be a o-finite positive measure space. An invertible measurable
transformation T of X is a one-to-one onto map 7: X — X such that both T and
T~1! are B-measurable. T is non-singular if p(TE) = 0 exactly when p(E) = 0 for
E € B.If T is non-singular then so is T71.

A finitely-additive measure u on (X, p) is a set function u: g — [0, o] such that
u(Au B) = u(A) + u(B) if A and B are disjoint measurable sets. Given two
finitely-additive measures u and v on (X, ), we say u is equivalent to v when
u(E) = 0if and only if v(E) = O for E € f. The term measure will be reserved for a
countably-additive u: g — [0, co].

If u is a finitely-additive measure on (X, ) and T is an invertible measurable
transformation of X, we say u is T-invariant when u(T E) = u(E) for all E€p.
If G is a group of invertible measurable transformations of X under composition,
u is G-invariant when u is T-invariant for all Te G.

If Be B, 15 denotes the characteristic function of B. If F is a finite subset of a
set X and fis a real-valued function of X then (1, denotes X, pf(x). For any
linear functional ¢ on a linear space E of real-valued functions on X, we write
{$,f> for the value ¢(f) when feE.
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Cardinality of a set F will be denoted by ” F ” For sets A and B, A\ B is the
difference set and A A B is (4\ B) U (B\ 4).

1.

Let G be a group and let .Z be the linear space under pointwise addition of real
valued functions on G. For He ¥ and geG, RHe % is defined by R H(x)
= H(xg). For a positive H € & with H # 0, we define By to be the subspace of &
consisting of all functions K such that there exists g,,--+,9,€G and r > 0 with
IK | <rZ R, H. By is then invariant under the action of G on % in that
R,K € By for any g € G and K € By,

A linear functional ¢ on By is positive when {¢,K> = 0 for all K € By with
K = 0. We say ¢ is G-invariant if (¢, R, K} = {(¢,K) for all ge G and K € B,.
For a finite set F = G we write 1 for the positive linear functional given by
1K) = X, . pK(x) for Ke Z.

We assume that G is finitely-generated by a finite set F. We write F ¥for the set
of all products f; - fy where f;isin F, F~%, or {¢} foralli = 1,---,N.

THEOREM 1.1. Let He X be a positive non-zero function. Assume

lim (1py, HYYY = 1.
N

Then there is a positive G-invariant linear functional ¢ on By such that
{¢,H) = 1. Also, there is a subnet {N,} of the sequence {1,2,3, -} such that
for all Ke By,

lim <1FN‘Y’K>/<1FN",H> = <¢, K>

Proor. For each finite set Fo < G, there is M = | with F, ¢ FM, Hence, if
Fy = FMthen F; > Fyand limy (1 YHY"Y = 1. Let a,= (12", H). By choosing
M larger to begin with we may assume a,>0 for all n>1. 1 <Lliminf,,,
ayy1/a, S liminf,, , a,)/"= 1. So there is a sequence of integers n, such that

lim (Lpne+2, HY | (Lpme, HY = 1.

k=* 0

It follows that for any fe F,,,
(lpmett g ety H>/<1F'}k+1,H>§ 2 pme+2 \pme, HY[ {1, H) — O.

Define anindex set o ={(Fy, M, £)} where F is a finite subset of G, M =1, and
& >0 for all membersof &/. We orderthisset by (Fo, M’, &'} 2(F, M, &) if and only



Vol. 17, 1974 INVARIANT MEASURES 263

ifFgoFg,M' 2 M, ande’ < €. & is thusa directed set. We choose N=N(Fq, M, ¢)
such that N = M and for all fe F,
lpw apnp H) [{lpw, H) <.
This gives us a net {N, I ae &} of integers N, = 1 such that for all ge G,
lim {1pxa gpneg, H) [{lpn,, HY = 0.

Also, forall N > 1 eventually N, = N. Thus, {N,}is a subnet of {1,2,3,.--}.

For simplicity write F, for F "¢ We know for all g G,

{lf,RH) _ 1{1p,— g, H) I < (g ap g HD

e By | = [Ty | F T, By
Solim,{1f,,R,H) [{1f ,H)=1,forall g € G.For any K € Bythereare g,,:-:,¢9,€ G
and r >0 with |K| < r 2%, R, H. Therefore, |<1F~,K>/(1F ,H)l < 2rn even-
tually. That is, the net of linear functionals ¢,=1¢ /{1 , H) is pointwise eventually
bounded on By. This implies that some subnet ¢, converges pointwise on By to a
linear functional ¢. It follows immediately that ¢ = 0 and {¢,H> = 1.

To see that ¢is G-invariant let g € G and K € Bg. Suppose IK[ <rX-R,H.

Then <6, K> — <6, RK|

(e K) =i, RKD |
<1F.4: H>

-

=1iml
Y

. <1F ’K>_<1F 5K>
= lim ' L 18 l
? <1F79H>
. Lrare | K]
< lim NEyalye l 1/
- ¥ <1F7’H>

5 i Aparye RgHD
< r E lim N Eyalygy gt/
T =1y 1p,H)

. <1F A Frggis H>
hm r8i8 g4 .
¥ <1F‘.: H>

Since 1 gy F.g0. < 1r.5.aF. + 1r.aF g, this last term converges to zero. Hence
{$,K>=(¢,R,K> for all g G and K € By. The linear functional ¢ and the net
{N,} satisfy our claim. ]

= r'z

n
i=1

LemMAa 1.2, Let (X,B,p) be a o-finite measure space. Assume we have a
finitely-additive measure u which is equivalent to p. Let v be defined for E € B by
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wWE) = inf{ i%:)lu(E,): G E, :E,E,e[i}.

i=1

Then v is a countably-additive measure and v is equivalentto p. If u is G-
invariant for a group G of measurable transformations of (X,B) then v is
G-invariant also.

Proor. (See Calderén [1].)

REMARK. Calderén [1] is in the context where u is finite but his proof works
equally well for any finitely-additive measure. Also, if we only know that p(B) = 0
implies u(B) = 0 for all Be 8, then p(B) = 0 implies v(B) = 0 for all Be f.

THEOREM 1.3. Let (X, B,p) be a o-finite measure space. Let G be a group
generated by a finite set F and suppose G acts as a group of nonsingular measurable

transformations of (X, B, p). Assume we have a finitely-additive measure Y on
(X, B) with the following properties:

(i) ¥(B) = 0 if p(B) = 0;
(ii) Y(gA) # 0 for some g€ G;
(iii) lim [E nl/(gA)]”N =1;

N-o e FN
(iv) if p(B) > O then
liminf T W(gB) | T w(gA)>O.

N-+w geFN geFN
Then there is a G-invariant measure v equivalent to p with (A) = 1.

Proor. Let H(g) = y/(gA) for all g € G. It satisfies the conditions of (1.1), hence
there is a G-invariant positive linear functional ¢ on Bg with (¢, H)>= 1 and there
is a subnet {N,} of {1,2,3,-:} such that {1zx,K)/{lp~, H)> = <{¢,K) for all
K e By.

For B e B define pg(g) = Y(gB) for all g € G. Define a finitely-additive measure
u on (X, p) by

{¢,pp) if ppeBy

0 otherwise.

u(B) = {

Thus u is G-invariant since ¢ is G-invariant, If p(B) =0 then p(gB) = 0 for all
g€ G. So p(B) = 0 implies Y(gB) = 0 for all ge G and py = 0. Hence p(B) = 0
implies u(B) = 0. If p(B) >0 then either u(B) = c0 or u(B) = (¢, pg> and
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Ps€ By. In the second case, since (iv) holds and {N,} gets arbitrarily large

eventually, u(B) > 0.
Use Lemma 1.2 to obtain a G-invariant measure v equivalent to p from the

finitely-additive measure u. Since 0 < v(4) < u(4) = 1, a constant multiple of v
is the desired measure. | |

COROLLARY 1.4. Let G be a group of non-singular measurable transformations
of a o-finite measure space (X, f,p). Let G be generated by a finite set F. Let
Aef with p(A) > 0. Assume

lim [ 2 p(gd) ]‘/" =1
g

N— o e FN
Assume also that when p(B) >0
inf X p(gB)] X p(gd)>0.

N21 geFN ge FN
Then there exists a G-invariant measure v equivalent to p with v(4) = 1.

Proor. Let y(B) = p(B) for Bef. Then y satisfies the four conditions of
Theorem 1.3. n
REMARK. An interesting case in which Corollary 1.4 applies is when p(X) = 1

and G is a nilpotent group or at least contains a nilpotent subgroup of finite index.
Then | F¥|¥ -1 as N — oo; see Wolf [4]. It follows

lim [ z p(gA)]”" =1.

N-ow lLgeFN
So there is a G-invariant measure v equivalent to p with v(4) = 1 if for all
p(B)>0
inf X p(gB)[ X p(gd)>0.
geFN

N21 geFN
The following corollary also comes from Theorem 1.3.
COROLLARY 1.5. Let G be a finitely-generated nilpotent group of non-singular

measurable transformations of a o-finite measure space (X, B, p). Assume there

is a positive measurable function f on X with
0 < sup ~ffdp< 0.
geG gA
Assume when p(B) >0 then
lim inf X fa'p/ )y fdp>0.
geFN Jg

N- o geFN JgB A
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Then there exists a G-invariant measure v equivalent to p with v(4) = 1.
PrOOF. Let y(B) = [ f dp in Theorem 1.3. [ ]

RemMaRk. Clearly if p is equivalent to a o-finite G-invariant measure v with
t(A) = 1 then the function dv/dp satisfies Corollary 1.5. Corollary 1.4 is more
interesting than 1.5 because it does not depend on finding the function f. Horowitz
[3] has a result similar to Corollary 1.4 for an ergodic, conservative Markov
operator.

If the supy X, .~ p(gA) < oo, then the hypotheses of Corollary 1.4 are all
satisfied. This is the dissipative case.

2.

It is an open question whether a converse of Corollary 1.4 holds. One should
perhaps also assume in this context that (J,.c94 = X and

lim [E p(gA)]”N =1
g

N-w eFN

Then the question is, assuming there is a G-invariant measure v equivalent to p
with v(4) = 1, does it follow that for all B with p(B) >0

inf X p(gB) Z p(gd)>07?

Nz1 geFN
We say a subset Bep is A-bounded when 1< Xi_, 1,4 a.e. [p] for some
g1, 9gn€G. Since |J,.q94 = X, any B with p(B) > 0 there is an A-bounded
B, = B with p(B,) > 0. So the converse need only be verified for A-bounded sets.
There is at least one case in which the above condition does hold. We say G is
ergodic if all G-invariant sets Be f satisfy p(B) = 0 or p(X\B) =0. If G is
ergodic and p(B) > 0 then |J,.q 9B = X a.e. [p].

PROPOSITION 2.1. Assume (X,f,p) is a measure space with A€ B such that,

lim [ z p(gA)] UN =1
g

N-w e FN

Assume G is ergodic and for all A-bounded Be

lim X p(gB) Z p(gA) exists.

N—w geFN

Then if p(B) > 0,
inf X p@B)[ X p(gd)>0.

Nz1 geFN geFN
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PrOOF. Let u(B) be the

lim X p(gB) %N p(gA)
ge

Now geFN
for A-bounded sets Be f. Let u(B) = oo otherwise. Since
lim [ z p(gA)]”N =1,
g

N-owx e FN

there is a sequence {N;} such that for all he G,

lim (g X pga] Z p(gA)) =0,

i+ \geFNAFN, geFN,
Using {N;}, as in Theorem 1.1, shows u is G-invariant. Let v be induced by u as
in Lemma 1.2. Then v is a G-invariant measure and p(B) = 0 implies u(B) = 0
and hence, v(B) = 0. But we also know by the Vitali-Hahn-Saks theorem that
= p when restricted to any A-bounded set because there u is a measure. If
p(B) >0, G ergodic implies U, ¢¢B = X a. e. [p]. Since v(4) = 1 and v is G-
invariant, v(B) > 0. Hence, for any A-bounded B with p(B) > 0 we have u(B) >0
and thus,
inf X p(gB)| X p(gAd)>0. ]

Nzl geFN geFN

ReEMARK. It is not clear that the limit u(B) need exist for all 4-bounded B when
there exists a G-invariant measure v equivalent to p with v(4) = 1. This is also not
clear in the case we replace the index N by N; chosen as in the proof of (2.1). In
the following we will see that such limiting behavior is the case when v(X) <
and p(X) < co.

We consider now a finitely-generated group G and a fixed sequence of finite
sets Fy < G such that for allge G

|gFxAFy|
| Fx]
We also assume Fy' = Fy for all N. Such a sequence {F} exists if and only if G
is amenable. (See [2] for the construction of such sequences.) We call {Fy} a
Folner sequence.

We assume we have a probability space (X, B, p) on which G acts as a group of
non-singular measurable transformations. The measure gp is defined by gp(E)
= p(gE) for all E€ B. For any g € G, gp is equivalent to p and there is a positive
measurable function w, such that gp(E) = [gw,(x)dp(x) for all E€ f.

Let L,(p) be the absolutely-integrable functions of X with |[f|, = [x|f|dp.
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Let L_(p) be the a.e. bounded functions with ” f ”w = inf{K: K 2 [ f | a.e. [pl}.
Define L,f(x) = f(gx) and 1,f = L fw, for all fe L;(p) and g€ G. Then ” 'c,,f"1
= ||f[y for all feL,(p). Let ¢y be the linear operator defined by @nf
= (1/| Fx|) Zgerntof Then | ¢nf|s < | f|: for all fe Ly(p). The question we
are concerned with here is the |[ . |[1-convergence of ¢, f for fe L,(p).

THEOREM 2.2. The following statements are equivalent:
(i) For all fe L (p) there is f* e L,(p) such that ¢f > f* in the || . "1 norm .
(ii) There is foe L(p) such that 1/(“ Fy ”) X ery Wy Jo in the “ . ”1 norm.

PrOOF. Since @yl = 1/(|Fy|)Z,cryW, (i) implies (ii). Assume (ii). Let

Sy={t,f—f:feLp) and g€ G} and S, = {fe L (p): L,f = f for all geG}.
Let Sy= Span S; U S,. For fe L,(p)

1
lonGaf =N |1 == | T @t —uf) ‘1
[ Ex] lhere
1
= TS 0 Z Tf
[Pl semar
|gFxAFN|
s Ml ——"
W
So ¢S converges to zero in the norm |- |, for SeS;. For SeS;, ¢yS =

S Zycrn Wl | Fx||=Sénl; 50 | ¢nS — Sfo |1 = "S”w” ¢nl—fo |1 where f, is as
in (ii). Hence, ¢S — Sf; in the | - ||, norm for all Se S,. We have for all S€ S,,
there exists $* € L,(p) such that ¢S — S* in the | - |, norm. Since the operators
¢y are uniformly bounded, if we show S is || - |;-dense in L,(p) then we are
finished. But if S, is not ” . ”1-dense there exists H € L (p) such that H # 0 and
0 = [SH dp for all SeS,. But then for all fe L,(p),

0= [ of~DHdp = [ S(L,-iH - )dp.

This implies L,H = H for all ge G. Hence, HeS, and 0 = [H2dp. So H = 0,
a contradiction. |
REMARK. If p is invariant, each w, = 1 and (ii) is trivially satisfied. Thus (i)

holds if p is invariant. This result is in Greenleaf [2].
The following corollary will further clarify the condition of Theorem 2.2.

CoOROLLARY 2.3. Let (X,B,p) and G be as above. Consider the following
properties of (X,B,p) and G:
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(i) There exists a finite G-invariant measure equivalent to p.

(ii) For all fe L (p), ¢nf converges in L,(p).
(iii) For all Be B, (1/| Fy|) Z,c £y P(gB) converges.
(i) implies (ii) and (ii) implies (iii) always. If G is ergodic then (iii) implies (i).

PROOF. Assume v is a finite G-invariant measure equivalent to p. Let foe L,(v)
with fo 2 0 such that p(E) = ifg fodv for all EeB. By Theorem 2.2 applied to
(X,B,v) and G, there exists fo'e L,(v) such that

f ]—1— X Lfo—f3|dv—o0.
” Fy ” geFn
Then fo/ fo € Ly(p) and for all g € G, L,f, = w,f,. Therefore

f L5 w,—f3if |dp

[Exll ers
1 1
= | == I Lfo—f* |—dp
f ” FN " geFn ° ° fO

1
=f T 2 Lfo—f* |dv—o.
N| geFn

Hence, by Theorem 2.2, we have (i) implies (ii). If (ii) holds, then in particular
there is f; € L,(p) such that ¢y 1 — f; in the “ . ”1 norm. Since

1
—— X wdp — ffdp
"L”FN"y ) B1 l
1

EFN

=< H“— ) Wg—f1’1 -0,

limy,o [a(1/[|Fy|) Z,cryw)dp exists. This is (iii). If (iii) holds then v(B)
=limy_o, (1/] Fx|)Z,cryP(gB) defines a probability measure by the Vitali-
Hahn-Saks theorem. Because of the conditions on the sequence {Fy} v is G-
invariant. If p(B) = 0, then each p(¢B) = 0 and v(B) = 0. Now if G is ergodic
then p(B) > 0 implies |J,.cgB = X. a.e. [p] So vo(B) >0 as well. Thus v is a
measure as in (i). [ |

ReMARK. If (iii) holds then for any ¢ > 0 there is a G-invariant Be f with
p(X/B) < & and a finite measure v supported on B such that v is equivalent to p on
B and v is G-invariant. Using this, one can show (iii) implies (i) always.

If case (i) holds, we actually have when p(B) > 0 then inf,.; p(¢B) > 0. Hence,
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the ratio condition of Corollary 1.4 holds and the condition that lim “ FY [I N =1
is the same as the condition that limy[ X, r~ p(g4)] /¥ = 1. Also, if we choose
{N,} as in Proposition 2.1 then {F¥'} is a Folner sequence and Corollary 2.3
(iii) holds. This should be compared with the remark after Proposition 2.1.
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